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PRACTICAL CONSTRUCTION OF MODIFIED HAMILTONIANS*

ROBERT D. SKEELT AND DAVID J. HARDY'

Abstract. One of the most fruitful ways to analyze the effects of discretization error in the
numerical solution of a system of differential equations is to examine the “modified equations,” which
are equations that are exactly satisfied by the (approximate) discrete solution. These do not actually
exist in general but rather are defined by an asymptotic expansion in powers of the discretization
parameter. Nonetheless, if the expansion is suitably truncated, the resulting modified equations have
a solution which is remarkably close to the discrete solution. In the case of a Hamiltonian system
of ordinary differential equations, the modified equations are also Hamiltonian if and only if the
integrator is symplectic. Evidence for the existence of a Hamiltonian for a particular calculation is
obtained by calculating modified Hamiltonians and monitoring how well they are conserved. Also,
energy drifts caused by numerical instability are better revealed by evaluating modified Hamiltonians.
Doing this calculation would normally be complicated and highly dependent on the details of the
method, even if differences are used to approximate derivatives. A relatively simple procedure is
presented here, nearly independent of the internal structure of the integrator, for obtaining highly
accurate estimates for modified Hamiltonians. As a bonus of the method of construction, the modified
Hamiltonians are exactly conserved by a numerical solution in the case of a quadratic Hamiltonian.
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1. Introduction. One of the most fruitful ways to analyze the effects of dis-
cretization error in the numerical solution of differential equations is to examine the
“modified equations,” which are equations that are exactly satisfied by the (approxi-
mate) discrete solution. These do not actually exist (in general) but rather are defined
by an asymptotic expansion in powers of the discretization parameter. Nonetheless,
if the expansion is suitably truncated, the resulting modified equations have a solu-
tion which is remarkably close to the discrete solution [9] (over relatively short time
intervals). In the case of a Hamiltonian system of ordinary differential equations, the
modified equations are also Hamiltonian if and only if the integrator is symplectic. The
existence of a modified (or “shadow” [4]) Hamiltonian is an indicator of the validity
of statistical estimates calculated from long time integration of chaotic Hamiltonian
systems [20]. In addition, the modified Hamiltonian is a more sensitive indicator than
the original Hamiltonian of drift in the energy (caused by instability). Evidence for
the existence of a Hamiltonian for a particular calculation can be obtained by cal-
culating modified Hamiltonians and monitoring how well they are conserved. Doing
this calculation would normally be complicated and highly dependent on the details of
the method, even if differences are used to approximate higher derivatives. Presented
here is a relatively simple procedure, nearly independent of the internal structure of
the integrator, for obtaining highly accurate estimates for modified Hamiltonians.

Consider a step by step numerical integrator "' = ®;(2") which evolves an
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approximate solution z" & xz(nh) for a system of ordinary differential equations
& = f(z). For such discrete solutions, there exists modified equations @, = fp(zp)
defined by an asymptotic expansion such that formally the numerical solution z" =
xp(nh). The modified right-hand-side function f, is defined uniquely by postulating
an asymptotic expansion fy + hfy + h%fs 4 --- in powers of h, substituting this into
the equations for the numerical solution, expanding in powers of h, and equating co-
efficients [17, 27, 6, 24]. The asymptotic expansion does not generally converge except
for (reasonable integrators applied to) linear differential equations.
A Hamiltonian system is of the form

) = st I=| % 0],
for some Hamiltonian H(x), x = [¢*,pT]T. The modified equation for an integrator
&y, applied to this system is Hamiltonian; i.e., fi, = JHp z(x) for some modified
Hamiltonian Hp,(z) if and only if the integrator is symplectic [25, 22]. The integrator
is symplectic if ®, ,(x)JT®, . (x) = J. There is theoretical [18, 2, 8, 20] and empirical
evidence that

Zp = xp(nh) + very small error

for a very long time, where xj, is the solution for a suitably truncated Hamiltonian
Hj,. In what follows we assume that Hj is such a Hamiltonian and we neglect the
very small error.

If we plot total energy as a function of time for a numerical integrator such as
leapfrog/Stérmer /Verlet applied to a molecular dynamics simulation, we get a graph
like Figure 3. What we observe are large fluctuations in the original Hamiltonian,
as the trajectory moves on a hypersurface of a constant modified Hamiltonian. A
small drift or jump in the energy would be obscured by the fluctuations. A plot
of a modified Hamiltonian might be more revealing. As an example, the plots of
modified Hamiltonians in Figure 4 already show a clear rise in energy in a 400-step
simulation. This indicates that plots of suitable modified Hamiltonians can make it
easier to test integration algorithms for instability and programming bugs. Details of
this and other numerical tests are given in section 2. Before continuing, it is worth
emphasizing that the concern of this paper is stability monitoring—mnot the monitoring
and enhancement of accuracy, as in [4] and [16].

The goal is to construct an approximate modified Hamiltonian

Hyaiy(q,p) = Hp(g, p) + O(h*)

that can be conveniently assembled from quantities, such as forces and energies, al-
ready available from the numerical integration. These requirements do not uniquely
determine Hjy;). We consider the special separable Hamiltonian H(q, p) = %pTM “Ipt+
U(q) for which the system is of the form

¢=M""p, p=F(q = -Uyq).

A “brute force” approach would be to determine an asymptotic expansion for
Hj, and of the quantities available for making an approximation and then to form a
suitable linear combination of the latter. By such a matching of asymptotic expansions
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one could derive the following modified Hamiltonians for the leapfrog method:

1 — n
(11) H[Q](qnvpn) = H(qn’pn) - ghQ(Fn)TM 1F )

why?

1 1 R
(1.2)  Hy(q",p") = H(qg",p") + 152U” + 6h(p")TM LS F

5 1
+ ﬂhQ(Fn)TM_an + Eh2(Fn)TM—152Fn’

1
fh(pn)TM_lu(SFn

11
1.3)  Hig(q". p") = H(g", p") + —=82U"
(1.3)  Hlq",p") (¢",p") + 0 + 1

17 2 n\T —1rn 1 2 m\7T —1¢2mn
—h*(F")" M F —h*(F")" M F
+ 120h (F™) + 10h (F™) 6
1 2 m\7T -1 n 1 2/¢2 n\T —1¢2mn
— F")"M F"— — F™")"M F".
+ 60h (u6F™) 1o 240/1 (6°F™) 6

Here a superscript n denotes evaluation at ¢", the centered difference operator is
defined by dw™ = w"t1/2 — w"1/2 the averaging operator is defined by pw" =
LwnH1/2 4 Lyn=1/2 and values ¢"*!, p"*! are defined in terms of ¢", p™ by the
leapfrog method:

pnjzl/Q — pn + an, qnjzl _ qn + thlpnjzl/Q’ pnil — pnjzl/Z + anil.
Thus, in principle, analytical expressions for the Ha(g, p) could be produced.

Note. The terms of order h% in H, 4) and Hg are different; but if expanded in
powers of h, they agree up to O(h*).

An easier and more elegant construction is presented in sections 3-5. The tech-
nique is developed only for splitting methods. It is likely that a similar construc-
tion is also possible for symplectic implicit Runge—Kutta methods. The idea is
to add a new position variable and a conjugate momentum variable to get an ex-
tended Hamiltonian Hj,(y) which is homogeneous of order 2. For such a Hamiltonian
Hy(yn(t)) = 29n(t)" Jyp(t). Thus the problem is reduced to that of forming an
approximation for y,(¢) using the numerical solution of an extended Hamiltonian sys-
tem. It is plausible that such a construction might be useful theoretically due to the
availability of robust approximation techniques.

Equation (1.1) for Hjy contains an h? term which is not needed for achieving
second order accuracy. Similarly, the last terms of Hyy and Hjg are not needed for
fourth and sixth order, respectively. They are present because the given “truncations”
Hjyp) are designed to exactly conserve energy for the numerical solution when H is
quadratic. (See sections 4.1 and 5.1.) This is a very useful property because typical
applications, including molecular dynamics, are dominated by harmonic motion. The
existence of a modified Hamiltonian that is exactly conserved for a quadratic Hamil-
tonian is noted in [19, Eq. (4.7b)], and the search for similar methods having this
property was central to the results of this paper. For a quadratic Hamiltonian the
modified Hamiltonian H} actually exists (if & is not too large), but Hjgp # Hp. (A
simple derivation of Hj, for the one-dimensional case is given in [24].) It should also
be noted that the Hamiltonians Hjg;; will not detect numerical instability in the case
of quadratic Hamiltonians H.

2. Numerical experiments. The approximate modified Hamiltonians H{ay (),
k = 1,2,3,4, defined by (5.3), (4.4), (5.2), and (4.3) are computed and plotted as



PRACTICAL CONSTRUCTION OF MODIFIED HAMILTONIANS 1175

10.30

1025 |
10.20
10.15

10.10 -

oos| N

8th order e w
6thorder - i

1000 Fathorder -
energy s

2nd order  -——-
9.95 | | | |
0 20000 40000 60000 80000 100000

time (fs)

energy (kcal/mol)

Fic. 1. Energy and various truncations of the modified Hamiltonian for decalanine.

functions of time for numerical solutions generated by the leapfrog method. The un-
modified Hamiltonians are those of classical molecular dynamics. The testing was
done with a molecular dynamics program written by the second author, which is
compatible with NAMD [12] but limited in features to facilitate algorithm testing.

The first couple of experiments demonstrate the quality of the modified Hamilto-
nians. The test problem is a 66-atom peptide, decalanine, in a vacuum [1]. The force
field parameters are those of CHARMM 22 for proteins [15, 14] without cutoffs for
nonbonded forces.

Figure 1 shows a plot of the Hamiltonian and second, fourth, sixth, and eighth
order modified Hamiltonian approximations vs. time for 100,000 fs (femtoseconds) for
a step size h = 1fs with the energy sampled every eighth step. The level graph at the
top is the eighth order truncation, the one just barely beneath it is sixth order, and
the one under that is fourth order. The greatly fluctuating graph is the energy itself,
and the undulating one well below it is the second order truncation. Note how well
the asymptotic theory holds for the higher order truncations—one could not obtain
such flat plots by simply smoothing the original Hamiltonian.

Figure 2 expands the vertical scale to show fluctuations in the eighth, sixth, and
fourth order truncations of modified Hamiltonians.

An explanation is in order concerning the initial drop in energy. The initial
velocities are zero, so integrating backward in time is the same as integrating forward.
Hence the first part of the trajectory is simply the second half of a very unusual
fluctuation. In other words, the initial conditions are atypical, i.e., not properly
equilibrated (with respect to the original Hamiltonian). This is particularly well
revealed by the plot of the second order truncation.

The remaining experiments demonstrate the ability of modified Hamiltonians to
detect instability. The test problem is a set of 125 water molecules harmonically
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FiG. 3. Energy for flexible water with step size 2.5 fs.

restrained to a 10 A-radius sphere. The water is based on the TTP3P model [11]
without cutoffs and with flexibility incorporated by adding bond stretching and angle
bending harmonic terms (cf. [13]).

Figure 3 shows a plot of the energy vs. time for 1,000 fs for a step size h = 2.5fs
with the energy sampled every step. Note that the large fluctuations make it difficult
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to determine whether or not there is energy drift.

Figure 4 shows a plot of the sixth and eighth order modified Hamiltonians for
the same step size h = 2.5fs. An upward energy drift is now obvious. The second
and fourth order approximations are not shown because neither of them was as flat.
Normal mode analysis for this system [10] shows that the 250 fastest frequencies have
periods in the range 9.8-10.2fs and use of the formula in [24, p. 131] shows that a
2.5fs step size is 30% of the effective period for discrete leapfrog dynamics. It is
remarkable that the eighth order approximation is the flattest, even for such a large
step size.

Figure 5 shows a plot of the sixth and eighth order modified Hamiltonians for
step size h = 2.15fs. There is no apparent upward drift of the energy. Theoretically,
instability due to 4:1 resonance [23] should occur for the leapfrog method at h -
angular_frequency = v/2, which is in the range 2.2-2.3fs for flexible water.

3. Augmenting the integrator. The integrator is augmented to make it ho-
mogeneous of order 1. This is motivated by the desire to extend results obtained for
homogeneous linear mappings to affine mappings. Affine mappings can be reduced to
homogeneous linear mappings through the use of homogeneous coordinates, in which
the given set of coordinates is augmented by a scale factor, denoted here by «.

We assume that one step of size h for the given method applied to a system
with Hamiltonian H is the composition of exact h-flows for Hamiltonian systems with
Hamiltonians Hy, Ha, ..., Hr. Each H)(z) is assumed to be sufficiently smooth on
some domain containing the infinite time trajectory. For example,

1. the leapfrog method for separable Hamiltonian systems H(q, p) = K(p)+U(q)
uses L = 3, H(x) = 3U(q), Ha(z) = K(p), and H(z) = 3U(q):

2. the Rowlands method [21] for special separable Hamiltonian systems uses
Hi(z) = H3(z) = 3U(q) — 5h*Uq(q)"M~1U,(q) and Ha(z) = 1pTM~1p;
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Fic. 5. Sizth and eighth order truncations with step size 2.15 fs.

3. double time-stepping [7, 26] uses L = 5, Hy(z) = Hs(z) = JU*Y(q) +

%UfaSt(Q), HQ(Z‘) — H4(x) = %K(p), and H3($) = %[]fast(q)7

4. Molly [5] does the same as double time-stepping except for the substitution of
Uslov(A(q)) for Us'%(q), where A(q) is a local temporal averaging of ¢ over
vibrational motion.

We define the homogeneous extension of a Hamiltonian by

H(q,a,p,B) def o?H(a g, p).

Then H is homogeneous of order 2:

(3.1) H(oy) = 0’H(y),

where y def [T, a,pT, B]T. The extended Hamiltonian yields the augmented system

¢=aH,(a 'q,a™p),  p=—aH(a 'qa 'p),

a=0, B=q"Hla g0 p)+p"Hy(a 'q,a 'p) — 20H(a g, 'p).
With initial condition «(0) = 1, we have o = 1 and the system simplifies to

q=Hy(q,p), p=—Hyqp), 3 =q"Hy(q.p) + p" Hy(q.p) — 2H(q, p).

For H(q,p) = %pTM_lp + U(q), the extended Hamiltonian is H(q,a,p,) =
%pTM_lp + a?U(a™1q) and the simplified augmented system is

Gg=M"'p,  p=-Uylq), B=4q"Usq)—2U(q).
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Remark. The association of a with ¢ rather than with p is of practical importance
in that it enables one to get values of 5 for free whenever p is calculated.

The following proposition shows that the value of the extended Hamiltonian can
be calculated knowing only the solution.

PROPOSITION 1. Let H(y) be the homogeneous extension of a given Hamiltonian
H(x), and let y(t) be a solution of the extended Hamiltonian system with « initially
1. Then

H(x(t) = 59(t)" Jy(t),

DN =

where J is the matriz [PI (I)} of augmented dimension.

Proof. Differentiating (3.1) with respect to o gives Hy(y)Ty = 2H (y), so

1 - 1

FUOTy(t) = 5 (TH, (y(£) " Ty(t) =

Hy(y(t) T y(t) = H(y(1)).

N =

Because H is a homogeneous extension of H, the solution of H “includes” that of H
and we have H(y(t)) = H(z(t)). a0

Of course, the goal is not to calculate the original Hamiltonian for which we know
a formula but not the solution; rather, it is to calculate a modified Hamiltonian for
which we know the solution (at grid points) but not a formula. Therefore, we must
augment the integrator so that its solution at grid points is that of the homogeneous
extension of the modified Hamiltonian. For an integrator that is a composition of
Hamiltonian flows, this is accomplished by using the homogeneous extension of each
of the constituent Hamiltonians. More specifically, we define the augmented method
y" 1 = W, (y") for H to be the composition of exact flows for systems with Hamilto-
nians Hy, Ho, ..., Hy, where

def _ _
Hl(qaaapaﬁ) = Oé2H[<O[ 1q,0¢ 1p)

LEMMA 1 (commutativity). The method ¥y, defined above has a modified Hamil-
tonian

Hh(Q7a7pa ﬂ) = aQHh(ailq,Oéilp),

where Hy(q,p) is the modified Hamiltonian of the original method ®y, i.e., the fol-
lowing diagram commutes:

homogeneous extension

H —
discretization | | discretization
H h — H h

homogeneous extension

Proof. The modified Hamiltonian Hj, for method ¥, can be expressed as an
asymptotic expansion using the Baker—Campbell-Hausdorf formula [22]. This formula
combines Hamiltonians using the operations of scalar multiplication, addition, and the
Poisson bracket {H, N} = HY JN,. It is thus sufficient to show that each of these
three commute with the operation of forming the homogeneous extension. We show
this only for the last of these. The homogeneous extension of the Poisson bracket is

H,(a tz)T IN, (o ).
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This is exactly the same as the (extended) Poisson bracket of o?H(a~'z) and
a?N(a 12). O

Remark. The aim is to discretize the extended Hamiltonian so that this commu-
tativity property holds. Extension of this technique to implicit Runge-Kutta methods
would require an augmentation of the method so that commutativity holds.

The following proposition allows the value of the Hamiltonian to be approximated
from known values of y,(¢) at grid points.

PROPOSITION 2. Let xp,(t) and yn(t) be the solutions for modified Hamiltonians
Hy, and Hy,, respectively. Then

(3.2) Hy(zp(t)) =

Proof. The proof is similar to that of Proposition 1. a

4. Using full step values. This section presents the construction of Hjg for
even values of k. The idea is to use (3.2) in a judiciously chosen weighted average.

Let yp(t) be the solution of the modified extended Hamiltonian system with initial
condition y(0) = y. It has values y,(jh) = ¥}, (y), j = 0,£1,...,+k/2. Let m4(t) be
the degree k polynomial interpolant of these values. (For large k it may be preferable,
instead, to use trigonometric interpolation suitably modified [3].)

From Proposition 2, 17, () Jmx(t) ~ Hp(y). Let

ar 1M1 .
Hy; = — — 7 (¢) " g (¢)dt, j=2,4,... k.
' Jh J_jns 2

The interpolant mx(t) = yn(t) + e(t), where the error e(t) = (t* — 1k?h?).-- (t* —
h2)ty,[Lk+1] (t) and y,[lkﬂ] (t) def Ynl—3kh, ..., 5kh,t] with the brackets denoting a (k +
1)th divided difference. Noting that é(¢)T Je(t) = O(h?**+2), we get

1 [ 1 [

oy =Mt 5 [ S et == [ ST Te(tae +002+2)
J ]h 7jh/2 2 ]h 7jh/2 2
H + 1 /jh/Q 1. (t)Tj (t)dt+0(h2k+2)
= p T 5 —Uh e
Jh/2 ) _jny2 2
= Hh + i /jh/2 <t2 _ 1]€2h2> S (tQ _ hQ)t’y(t)dt + O(h2k+2)
jh/2 —jh/2 4 )
where the second equation is obtained by integration by parts and where (t) def
%y'h(t)ijLkH] (t). This can be expressed as an expansion
Hij = Hy + ejth™24/(0) + ¢j3h* " (0) + - + O(h2+2),
By forming a suitable linear combination of the values Hy ;, j = 1,2,...,k/2, it is

expected that one can get Hj, with the first k/2 — 1 leading error terms eliminated:
linear combination of the Hy ; = Hj, + O(h?®).

Note. The value 71(0)T J74(0) contains a leading term that is only O(h*), so it
is not useful for eliminating error terms.
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The case k = 2 is the fourth order accurate formula
def =
Hyy(xz) = Hap = Hp(y) + O(h").

For the case k = 4, we have

h

_ 1
Hyo = Hy + E/ (t? — 4h*)(t* — KH)ty(t)dt + O(h'?)
—h

_ 20
= H, + ﬁh‘*y’(o) + O(h®)

and
Hya Eﬁdh/ — 4h2) (12 — hW)ty(t)dt + O(h'0)
=Jﬁ—ﬁwv@+om%
and hence
Hig)(x) < ;?H4 2+ %H4,4 = Hi(y) + O(h®).

Below are given formulas for Hg and for Hpy in terms of values of y,(t) at grid
points. Let a; be the jth centered difference of y(t) at t = 0:

W= Fun(0), 5=02.4,.
’ pdlyn(0), j=1,3,...,

where the centered difference operator is defined by éw(t) = w(t + h/2) — w(t — h/2)
and the averaging operator is defined by pw(t) = fw(t + h/2) + 2w(t — h/2).
The fourth degree interpolant in divided difference form is

1oyn(0) 2 52%(0) 2 2 #63%(0) 2 2 64yh(0)
t) = t t t(t* — h*)————= +t —h .
Hence,
ma(sh) = ag + a1s + 161252 + 1ags(s2 -1+ ia432(s2 -1
2 6 24
and
. 1 1 1 1
h7ta(sh) = a1 + ass + 503 <52 — 3) + 5048 <52 — 2) .
Define

Aij = a;Fjaj/(Zh),
and we have

1

1. = 1 1
§7T4(Sh)TJ7T4(Sh) = A10 — 5141282 + §A30 (82 — g

1 1
— §A1452 (52 — 3>

1 2.2 2
mAMs (s* —1)° + odd powers of s.

1 2(.2
) + ﬁAgzs (s°+1)
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Averaging over —1 < s < 1 yields

1 2 1 1
4.1 Hyo=A10—=A — A3y — — Ay — ——A
(4.1) 4,2 10 = A2 + 157132 7 9014 T 190 3
and averaging over —2 < s < 2 yields
2 1 17 31 107
Hys,=A1—-A —A — Az — — A1y — ——Asq.
4.4 10~ 342 + 54130 + 457482 T gt T grgiae
Therefore,
16 5
(4.2) H[g] (CL’) = ﬁH4’2 + ﬁH4’4
2 5 13 19 1
4. =Ag—=A —A ——Agg — — A1y — —Asa.
(4.3) 10~ 7 A —+ 134430 + To5482 ~ 51041 ~ 1043

For a second degree interpolant, it follows from (4.1) that
1
(44) H[4] (CL’) = H2’2 = A10 — 61412.

An implementation of these formulas might calculate Hiay(2™) for consecutive
values of n in terms of quantities A7} = (af')"Ja?/(2h) defined in terms of centered
differences of y™ which can be obtained from the ™. (Only first and higher differences
of B™ are needed.)

Ezample 1. To make this concrete, we calculate Hiy(x) for the leapfrog method,
as given by (1.2). The leapfrog method advances one step by

h
pn+1/2 :pn + §Fn’
n n h n n n
Bt = 5 4 S (= (g")TE - 2U™),
qn+1 _ qn + h]\471pn+1/27
h
n+l _ n+1/2 7Fn+1
p p + B) )

ﬂnJrl _ ﬁn+1/2 + g(_(anrl)TFnJrl _ 2Un+1).

We have
H(n n)_i(én)Tj n_152n
4\q P —2hﬂy Y Gy .
Suppressing the n in the superscript,

qthM'p+ IRPM'F

+1 _ 1
v p+ IhF + LhFE! ’
B+ $h(=2U — q"F) £ $h(—2U0%! — (¢*1)TFE!)
whence
hM~1p R2M~IF
(4.5) pby = hF +0§h52F , By = hu%F

—2hU — hq"F — $h6*U — 1h6*(q" F) not needed
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From §(ab) = éa - pb+ pa - 6b and p* = 1+ 162, we get

62(ab) = 6%a - b+ 2uda - 16b + a - 6%b + %5% - 620,
SO
(4.6)  6%(¢TF) = h*FTMYF 4+ 2hp™ M~ s F + qT6°F + %hZ'FTM*la?F.
Therefore,

1 1 — n 5 n - n
Hyy(q",p") = H(q",p") + 152Un + gh(pn)TM LS F + ﬂhz(F )M F

1
+ Eiﬁ(F”)Tz\rlézF”.

4.1. The case of a quadratic Hamiltonian. The following result implies
that, in the case where H(x) is quadratic, the numerical solution exactly conserves an
approximate modified Hamiltonian which is a linear functional of 17 ()T Jx(t), where
m(t) is a linear combination of numerical solution values.

PROPOSITION 3. Assume that ®j is the composition of flows for systems with
quadratic Hamiltonians and that WUy, is constructed as in Lemma 1. Then the quantity
Ho(y) S ai ()T TW (y),

]
where the sum is taken over a finite set of pairs of integers, is exactly conserved by
method Wy,

Proof. The mapping ¥, (y) = Sy for some symplectic matrix S because Uy, is the
composition of flows for systems with homogeneous quadratic Hamiltonians. Then

Ho(Ya(y)) =D ai;(5'Sy)" J(57 Sy)

.3

= a;;(S'y)TSTIS(Sy)
i,

=> ai V()" T (y). O
,J

5. Using intermediate values. This section presents the construction of Hjy,
for odd values of k.
For most numerical integrators one can define “sensible” midstep values

n+1/2 , nt3/2 ntk/2
7y b )

Y Y

and these can be used instead of full step values to get an estimate accurate up to
O(h?*). We assume that W), = @:,11/2 o \i}h/g, where \i/h/g is a composition of exact
flows of homogeneously extended Hamiltonians.

Remark. Tt is not necessary that the midstep values be approximations to y(t) at
midpoints nor that ¥, be time symmetric (\Ilg1 = WU_;). All we need is that ¥;, =
Wy 1, 0 Uy p, where each of ¥y 5, Uy j, is a composition of exact flows of homogeneously

extended Hamiltonians.
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For example, the leapfrog method separates into half steps \il:lll /2 © \i/h /2 with

NG n/2 as follows:

h
pn+1/2 pn > Fn7
h
ﬂn+1/2 ﬁn 2( (qn)TFn 2(771)7

n n h — n
Y2 =g +§M Lpn+1/2,

Remark. For the leapfrog method, the estimate over an interval from (n — 3k)h
to (n+ %k)h, where k is odd, actually uses only values of energy and forces from the
shorter interval from (n — 1k + 2)h to (n+ 1k — 3)h.

The midstep values are values at midpoints of some function zp(¢) which can be
used to construct the Hamiltonian.

PROPOSITION 4. Let 2, (t) = @4 /2(yn(t — h/2)). Then

Hi(zn(t)) = %z’h(t)szh(t).

Proof. For any real s, we define W5 = sh-flow for § = JHj,,(y). Then z,(t) =

Xn(yn(t)), where x, = ®p /9 0 \11;1/2. Because xj, is symplectic, zp(t) = xpn(yn(t))
satisfies a Hamiltonian system with Hamiltonian Hj, o x; . Also, x1(02) = oxn(2)
because xj, is the composition of flows of Hamiltonians that are second order homo-
geneous, and hence Hy, o X;Ll is homogeneous of order 2. Therefore,

S0 Ta(0) = By o X () = Han(t). O

Let 7 (t) be the degree k polynomial interpolant of the values z,(jh) = \i/h/2 o
j—1/2 .
U (y), 5= L, £3, L k2,
As before, let
1 jh/2 1

i) Ime(t)dt,  j=1,3,... k.

Hk,' = T
T )

The interpolant m4(t) = z,(t) + e(t), where the error e(t) = (t* — 1k?h?)--- (t* —

%h2)z,[lk+1] (t) and szH] (t) o zp[—3kh, ..., 1kh,t]. Similar to before, we get

Hy ;= Hy, + 1 /jm 2oLz} (2oL y(t)dt + O(h*2)
N /2 ) jnsa 4 4 7

where ~(¢) def %zh(t)sz}[lkJrl] (t). This can be expressed as an expansion
Hy; = Hy, + cioh ™ 15(0) + cjoh® 397 (0) + - - - + O(h2E+2).

Again, it is expected that a suitable linear combination of the (k + 1)/2 different
values of Hy, ; yields Hj with the first (k4 1)/2 — 1 leading error terms eliminated:

linear combination of the Hy ; = Hj, + O(h?®).
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Note. Tt does not seem possible to combine values obtained from full steps with
those from half steps to further increase the order of accuracy because the error
expansions for the two kinds of averages do not have terms in common that can
cancel.

For k£ = 1, we have the second order formula

Hpy () < Hyy = Hy(y) + O(h?).

For k = 3, we have

Hs,=H, +/h/2 222 (2L (t)dt + O(h®)
3,1 = 11n hJ2 2 1 1 Y

1
=Hy, + B1147(0) + O(h")

and
- 3h/2 9 1
Moy =+ s /Bm <t2 _ 4h2) <t2 _ 4h2> Y (#)dt + O(h®)
= H), — §h4~y(0) + O(h"),
whence
Hg () def %H3,1 + ;TI)H?,,?, = Hi(y) + O(h®).

Let b; be the jth centered difference of zj,(t) at ¢t = 0 using midstep values

b‘: .L‘L(S]Zh(0>7 j:0’2’47""
J §2(0), j=1,3,....

The third degree interpolant is

malt) = e (0) + 1220 <t2 - 1h2) 17n(0) <t2 - 1h2) (L0

h 4 242 4 6h3
Hence,
mw3(sh) = bo + b1s + %bQ (52 — i) + ébBS (s2 _ le)
and
hitz(sh) = by + bas + 1bg <52 _ 1> )
2 12
Define

B;j = b} Jb;/(2h),

and we have

1 - 1 1 1 1
57:('3(8h)TJ7T3(8h) = BlO — 5312 (82 + 4> + 5330 <S2 — 12)

1 , 1Y\’
+ EBS2 < — 4) + odd powers of s.
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Averaging over —% <s< % yields
1
(5'1) H31 = Byg — £ B12 + -~ Bso,
and averaging over —% <s< % yields

1 1 7
H3 3 = Big — 5312 + 5330 + ﬁBBQ'

Therefore,

7 11 1
B —B — Bss.
12+ 0 30 + 3032

2 H, = Bijp— —
(52) () = Bio— 5 Bia + 5

For a first degree interpolant, it follows from (5.1) that
(53) H[Q] (.Z’) = BlO-

Ezample 2. We calculate Hpy(x) for the leapfrog method, as given by (1.1). We
have
€

Hig)(q",p") = 55 (8y™) " T (™).
2h
Suppressing the n in the superscript,

g+ 3hM~'p+ th®M~'F

+1/2 _ 1
Y p+ihF ’
+1h(—2U — ¢"F)
whence
hM~1p q+ in*M-'F
0 1

(5.4) by = WE .omy= »

—2hU — hq"F 0
Therefore,

1 — n
Ho(a" ") = H(@" ") = SHA(F)TM U F™

Ezample 3. We calculate Hg)(z) for the leapfrog method, as given by (1.3). From
(5.4) we have

hM~16%p 62q + Lh2M162F
0 0
63y = ho2F ) /MSQy = 52[7
—2h82U — h8*(¢"F) 0

We have 62¢ = h2M ~'F and 6%p = hudF from the second part of (4.5), and 6%(¢TF)
is given by (4.6). Then
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_ 1
b Jby = 20U + hp" M~ 1p — Zh3FTM—1F,
_ 1
biJby = h2p "M pusF — W3FTM~1F — Zh3FTM_162F,
_ 1
by Jbo = 2h6%U + 3h*pT" M~ pudF + W3 FTM~1F + Zh3FTM—152F,
_ 1
by Jby = —h3FTM 7162 F + h3(uéF) "M~ ué F — Zh3(52F)Tz\r1(‘521~1
and, therefore,

1 n\T —1 17 2 T —1
— M7YpsF™ + —p2(FTM-1En
mh(p) 6 +12Oh( )

1 1
+ TOhQ(F")TM‘lézF" + %}ﬂ(uéF")TM_luéF”

1 272 m\T —1¢2 n
- FYIM-162Fm,

240h (62F™) )

5.1. The case of a quadratic Hamiltonian.

PROPOSITION 5. Assume that ®y, is the composition of flows for systems with
quadratic Hamiltonians, that Uy, is constructed as in Lemma 1, and that \ijh/g 1S as
assumed at the beginning of this section. Then the quantity

11
Hig(¢",p") = H(¢",p") + %62U" +

Ho(y) © Y ai¥ngo 0 Wi (y) " T00s0 0 ¥ (v),
i,j
where the sum is taken over a finite set of pairs of integers, is exactly conserved by
method Uy,.
Proof. Because U}, /2, ¥ are the compositions of flows for systems with homoge-
neous quadratic Hamiltonians, the mappings \i/h/g(y) = S1y and Uy (y) = S251y for
some symplectic matrices S7, S2. Then

H (Uh(y) =Y aij($15°8y)" (S187 Sy)
%,
=i (515%) " (152) T 751 82(8157y)
©,J

= i j Wy 0 Uy (y) T TUp p 0 W (y). T
2]
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